Teaching Tip: The Limit of (sint)/t
Claudi Alsina, Universitat Politécnica de Catalunya, 08028 Barcelona, Spain
and Roger B. Nelsen, Lewis & Clark College, Portland, OR 97219

Almost all modern college calculus texts include a proof that lim,_,, (sin 1)/t =1. Most

do so in the same way: for ¢ in (0,7/2) compare the areas of the circular sector and two
triangles illustrated in part (a) of the figure. The area of AOAP is sint/2 ; the area of sec-
tor OAP is t/2; the area of AOAB is tant/2; and thus (sin¢)/2 <¢/2 < (tant)/2. These
inequalities are now cleverly manipulated to obtain cos < (sin¢)/¢ <1, from which it fol-

lows that limt_>0+ (sinf)/t=1 (the left-hand limit is usually obtained by noting that

sin(—)/(—t) = sint/t). In our experience, it is the manipulation of the inequalities that

may cause some students difficulty.

(@ Ay B(1,tant) (®) a4y

x2+y2=1 x2+y2=1

P(cost,sint Pleost,smi)

, x2+y2=(cost)?
0
IL/
t - t ~
x
0 AL0) " ) Clcost,0) A(1,0)

The manipulation of the inequalities can be greatly simplified by using one triangle

and fwo circular sectors, as illustrated in part (b) of the Figure. The area of sector OCQ is
t(cost)2 / 2 ; the area of AOCP is (sintcost)/2; the area of sector OAP is ¢/2 ; and hence

t(cost)2 / 2 < (sinfcost)/2<t/2. Multiplication by 2/tcost immediately yields
cost < (sint)/t < 1/cost, from which the limit follows.
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